Abstract. We study spaces of analytic functions generated by homogeneous polynomials from the dual space to the symmetric Hilbertian tensor product of a Hilbert space. In particular, we introduce an analogue of the classical Hardy space H 2 on the Hilbert unit ball and investigate spectral decomposition of unitary operators on this space. Also we prove a Wiener-type theorem for an algebra of analytic functions on the Hilbert unit ball.
Introduction. An increasing interest in infinite-dimensional holomorphy in recent years has generated lots of questions concerning subspaces of analytic functions on Banach spaces. In particular, it is of interest to consider analogs of classical function spaces on the unit ball. In a large number of papers (see e.g. [4] , [1] , [2] ) various analogs of the disk algebra or the H ∞ algebra for the unit ball of a Banach space are investigated.
The purpose of this paper is to construct and investigate an analogue of the Hardy space H 2 of analytic functions on the unit ball of an infinitedimensional separable Hilbert space. The idea of the construction comes from the fact that the dual space to the symmetric Banach space n-tensor product endowed with a cross-norm is isometric to a subspace of n-homogeneous polynomials on the Banach space. Considering a special cross-norm, the so-called Hilbertian cross-norm, we can obtain a natural Hilbert structure on the tensor product of Hilbert spaces. After symmetrization of the tensor product we obtain a predual to a Hilbert space of continuous polynomials.
In Section 1 we study some properties of spaces of homogeneous Hilbertian polynomials. In particular, it is shown that the set of norm attaining polynomials is not dense in the space of Hilbertian polynomials.
In Section 2 we introduce the Hardy-type class H 2 (B) of analytic functions on the Hilbert unit ball B as the dual space to the 2 -sum of symmetric Hilbertian tensor products. It is again a Hilbert space, and we investigate spectral decomposition of unitary operators on it. Note that the sum of the symmetric Hilbertian tensor products plays an important role in quantum mechanics, where it is called the symmetric Fock space [11] .
In Section 3 we consider a function algebra on B generated by Hilbertian polynomials and investigate its spectrum.
For background on analytic functions on Banach spaces we refer the reader to [7] , [8] .
1. Hilbertian tensor product and Hilbertian polynomials. Let E be a separable Hilbert space with an orthonormal basis (e i ) and inner product ( · | · ). Denote by B := {x ∈ E : x = (x | x) 1/2 < 1} the open unit ball in E, and by T := {x ∈ E : x = 1} the unit sphere in E.
It is known (see e.g. [9, p. 27 ], [5, p. 351] or [11] ) that it is possible to define a norm h on the algebraic tensor product n E of E such that the completion n h E of n E under this norm is a Hilbert space. More exactly, each vector w ∈ n h E can be represented as
and we put
where the e ki belong to the orthonormal basis of E and α i ∈ C. An inner 
Proof. (a) The equality S 2 n (w) = S n (w) and orthogonality of S n are evident on a dense set of finite sums w = i α i e 1i ⊗ . . . ⊗ e ni . The continuity of S n follows from the inequality
By the polarization formula (see e.g. [7, p. 6] ) and (b), for every
where A φ is the symmetric n-linear form associated to P φ . Thus
Throughout, we will say that E n h is the n-fold Hilbertian symmetric tensor product of E and P h ( n E) is the space of Hilbertian n-homogeneous poly-
. In this case we will say that the multi-indices (j) and (k) are equivalent. Denote by Γ n the set of equivalence classes of multi-indices, and by [j] the element of Γ n containing (j).
Proof. Clearly, u [j] and u [k] 
Since the system {u [j] } is the image of a basis under the projection S n , it is complete. Also
Then w = S n ( w) and w ≥ w since S n is an orthogonal projection. Since {e 1i . . . e ni / e 1i . . . e ni } is an orthonormal basis in E n h , by Lemma 1.1 we have
It is clear that every polynomial of finite type is Hilbertian. Moreover, since every element
. . e ni , is the limit of the sequence of the vectors
. . e ni , every Hilbertian polynomial can be approximated by polynomials of finite type in the norm of P h ( n E). Since sup x ≤1 |P (x)| ≤ P , every Hilbertian polynomial can be approximated by polynomials of finite type in the topology of uniform convergence on the unit ball of E. Thus if P is a Hilbertian polynomial then P is weakly continuous on bounded sets [3] . The converse is not true.
Proposition 1.2. There is a polynomial that is weakly continuous on bounded sets and not Hilbertian.
Proof. It is known that if E has the approximation property then the space P w ( n E) of n-homogeneous polynomials weakly continuous on bounded sets is isomorphic to the injective symmetric tensor product
. This embedding is proper because E n h = E n h is a reflexive space but n ε,s E is not. More exactly, the adjoint space to the injective symmetric tensor product of the Hilbert space is the symmetric projective tensor product of the Hilbert space [8, p. 112 ] which contains a copy of 1 . Note that since P h ( n E) contains all polynomials of finite type and is a proper subspace of P w ( n E), the closure of P h ( n E) in P( n E) coincides with P w ( n E).
Let us recall that a polynomial P is said to be integral if there exists a regular Borel measure µ of finite variation on (B E , σ(E , E)) such that
for all x ∈ E, where φ ∈ B E . The Banach space of all n-homogeneous integral polynomials with the norm P I := inf{ µ : µ is a regular Borel measure of finite variation satisfying (2)} is denoted by P I ( n E). The concept of integral polynomials was introduced in [6] .
Proof. Since P I ( n E) = ( n ε,s E) (see [6] ) and E n h is a dense proper subspace of n ε,s E, it follows that P I ( n E) is a proper subspace of E n h = P h ( n E). The density of P I ( n E) follows from the fact that P I ( n E) contains all polynomials which form an orthonormal basis in the Hilbert space P h ( n E) and their linear span as well.
Therefore Propositions 1.2 and 1.3 imply that the space of Hilbertian polynomials lies strictly between the spaces of integral polynomials and polynomials weakly continuous on bounded sets.
It is known [10] that the space P( n X) of all continuous polynomials (with sup-norm) on a Banach space X with the approximation property is reflexive if and only if all polynomials from P( n X) are weakly sequentially continuous, and this is equivalent to the fact that every P ∈ P( n X) is norm attaining. The next theorem shows that for subspaces of P( n X) the situation is different.
Theorem 1.1. The set of norm attaining Hilbertian polynomials is not dense in
Proof. Let us show that a Hilbertian polynomial P is norm attaining if and only if P (x) = (x n | v) n , where v = y n for some y ∈ E. Assume that P = 1. Suppose that P (y) = P for some y ∈ E with y = 1. Since
we have v = y n . In the general case, if P = 0, the polynomial
v n attains its norm if v/ v = y n for some y ∈ E. Therefore if the set of norm attaining Hilbertian polynomials were dense in P h ( n E) then the set {y n : y ∈ E} would be dense in E n h . But it is easy to check that the sum e 1 ⊗ . . . ⊗ e 1 + e 2 ⊗ . . . ⊗ e 2 does not belong to the closure of this set.
Hilbert space of analytic functions. Let H(B) be the space of analytic functions on the unit ball B.
Definition. The Hardy-type space H 2 (B) is the subspace of H(B) consisting of all functions f that can be expanded in the Taylor series
with f n an n-homogeneous Hilbertian polynomial and
) has a natural inner product · | · . Theorem 2.1. The space 2 (E n h ) is isometrically isomorphic to the space H 2 (B).
Let φ n (x) := (x n | w n ) n for some w n ∈ E n h and w 0 ∈ C. We want to show that the operator
is the required isomorphism, where x 0 = 1 and φ 0 = (x 0 | w 0 ) 0 := w 0 .
For each x = ζa ∈ B, ζ ∈ R, |ζ| < 1, a = 1, the vector
x n belongs to the space 2 (E n h ), since its 2 (E n h )-norm is equal to
From Schwarz's inequality it follows that
In other words, the function f (x) is bounded in every ball {x = ζa : |ζ| ≤ 1 − ε}, where 0 < ε < 1. Moreover for x + ζa ∈ B,
is Gateaux analytic and so [7] it is analytic in B, i.e. f (x) ∈ H 2 (B).
Conversely, let f (x) ∈ H 2 (B). Then the coefficients f n of the Taylor series expansion (3) define a unique sequence of linear functionals f n ∈ E n h . So the sum f = n f n belongs to the space 2 (E n h ). Thus the required isomorphism is defined by the operator *
Let A be a selfadjoint operator on E with domain D(A). Suppose that −iA is the generator of a unitary group R t → U t of bounded operators.
Consider on E ⊗ . . . ⊗ E a group of operators
and I is the identity operator on E. Then we have
for each x from the domain of the generator −i( j A j ). Set A 0 = 0.
Theorem 2.2. (a) The group of operators on H 2 (B) defined by
The generator of the group U t has the form −i A, where the operator A = A * is adjoint with respect to the duality 2 . . . . . . . . . . . . . . . . . . . . . . . . . . 
Then, since U t is unitary,
(b) For every n the space E n h is an invariant subspace of E⊗ . . . ⊗E with respect to the action of the group U t . Since S n j A j is the generator of U t on E n h , the required assertion follows from (a). Let σ(A) be the spectrum of a selfadjoint operator A and A = ¡ σ(A) λ dE λ its spectral decomposition, where the measure E λ is concentrated on Borel subsets of σ(A). Suppose that for some
Corollary 2.1. The following spectral decomposition holds:
Af = ∞ n=0 σ(A)×...×σ(A) (λ 1 + . . . + λ n ) dE λ 1 ⊗ . . . ⊗ dE λ n f n for all f = ∞ n=0 f n ∈ D( A), where D( A) = f ∈ H 2 (B) : ∞ n=0 σ(A)×...×σ(A) (|λ 1 | 2 + . . . + |λ n | 2 ) (dE λ 1 ⊗ . . . ⊗ dE λ n f n | f n ) n < ∞ .
Proof. Let us show first that σ(
where I k is the kth tensor product of I. We claim that θ is a homomorphism
] is a one-generated commutative algebra, we need only show that θ(
Let now φ be a character on [
is a noninvertible operator. Thus λ 1 ∈ σ(A). So, from the induction assumption it follows that the spectrum of A k+1 coincides with the (k + 1)-fold sum of the spectrum of A. The spectral measure E λ 1 ⊗ . . . ⊗E λ n in E n h and the measurable function σ(A)× . . . ×σ (A) (λ 1 , . . . , λ n ) → λ 1 +. . .+λ n are induced by the selfadjoint operator
Now the required spectral decomposition of the operator A follows from [12, Theorem 13 .24].
Wiener-type theorem for analytic functions on Hilbert spaces
Lemma 3.1. The product of Hilbertian polynomials P and Q is a Hilbertian polynomial and P Q ≥ P Q . Denote by W (B) the set of analytic functions on B such that f (x) = ∞ k=1 P k (x), where P k ∈ P h ( k E) and φ n (P n )φ k−n (P k−n ).
Combining the last two formulas, we have φ n (P n 1 ) = (φ 1 P 1 ) n for each n. Therefore φ n n = φ n 1 on the dense subspace of finite type polynomials, and thus φ n n = φ n 1 everywhere. Since the norm of a multiplicative functional is equal to one, φ 1 = 1. Since every linear functional from ∈ E is defined by some vector from E, we see that φ is the point evaluation functional at some point of the unit sphere. The Gelfand topology on this sphere coincides with the weakest topology for which all functions from W (B) are continuous. Proof. Since T is the set of maximal ideals of W (B), f is invertible in W (B) and so f −1 ∈ W (B).
